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ABSTRACT

It is shown that the DSN equations for spherical nonscattering time-dependent
systems can be put in matrix form, and that one can then apply well-known theorems
to obtain criteria for stability and monotonicity of the difference operator. The in-
fluence of the choice of auxiliary equations needed for full definition of the solution is
analyzed in some detail.

Numerical illustrations of the theory are discussed.

1. INTRODUCTION

Although discrete ordinate methods have been employed for many years to
solve problems in neutron transport theory and radiative transfer, a definitive
mathematical analysis of the numerical procedures used remains to be evolved. As
Lathrop and Carlson [1] have recently remarked, “this lack of mathematical
guidance is regrettable, for when solution methods are proposed, errors cannot be
analyzed and one is reduced to comparing results from what may be equally
imprecise algorithms”, They have attempted in their paper to alleviate their
difficulties by employing physical arguments. Our object in this present paper,
which covers similar ground, is to derive some mathematical understanding of the
difficulties with the aid of well-known matrix theorems.

We have chosen to analyze the problems involved for spherically symmetric,
nonscattering, time-dependent systems. Scattering introduces difficulties of another
order, and we have preferred to consider them separately at this stage [2]. The
transfer equation for our system may be written

2
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Both o(r, t) and B(r, t) are taken as prescribed functions over the region
0<r<R 0<r<T7T. We shall assume that o(r, ?) is, at worst, piecewise
continuous and is suitably differentiable except at discontinuities. We shall assume
B(r, t) to be continuous and to be suitably differentiable except possibly at points
of discontinuity of ofr, 1).

In the following section we set up discrete ordinate difference equations in much
the same way as Lathrop and Carlson [1], and rewrite them in matrix form.
Properties of the matrix and their bearing on the behavior of numerical solutions
are set out in Section 3. In Section 4 we briefly examine discretization errors, and
discuss how these are affected by different choices of the auxiliary equations
required to fully define the numerical solution. Some numerical solutions of a test
problem which can be solved analytically are examined in Section 5 in order to
illustrate the theory.

2. THE S, DIFFERENCE OPERATOR

2.1. Notation
We begin by partitioning the range 0 </ < 7, 0 <r <R, -1 <pu<1
into cells 2 = (s + 4, i + 4, m + 1) centred on the point (f,31/2 » Fis1/2 » Bmt1/2)-
We suppose that the partitioning is such that
0 < ts < ts+1/2 < ts+1 < T; s = 09 1;---’ S,
Pe < Pippe <t i=1L2..,.N;0<r,ryqa =R,

B < mire <pmism = —M, —M + 1., M — 15 pip = F1.

We shall write for each cell

T;
Vign = f dv = f  Amr? dr, @.1)
(i+1/2) ry
Wap=|  dp=[""dy—M<m<M—1, @2
(m+1/2) Um
tl
dyrpp = | dt= " ar, @.3)
(s+1/2) 1, ;

together with

(73 1
,3,,,=—f_l,Ldp=5(1—,L,2,,, m= —M,—M+1,., M, (24)
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and
O it1/e = (Ai+1 - Az) Bm ’ [ = 19--'3 N; m = _‘M,'-" M’ (2'5)

where A; = 4nr2 We shall regard the interval lengths W, .,,, and division
points p,.1,, as the weights and abscissas of some quadrature formula over
[—1, 1] (or [-1, 0] and [0,1] separately). The precise nature of this rule is unimpor-
tant for our work. For a discussion of various possibilities we may refer, for
example, to Carlson [3]. All that we shall do is to impose conditions

M-1 M-1 M-1

= 2
Y Wone =2, 3 Wannbmure =0, Y Waanimas = 3 (2.6)
vt e

-M

We shall frequently assume that the partition of the u range is symmetric, namely
Hemi/e = —Mmyrsz> M = O,..., M — 1, and we shall then impose further condi-
tions, namely,

m-1

-1 :
Y Wasrn =1 Y Wiaptrae= —Pun, m=-—-M-+1,.,M @7
M -M

with Bi = 0. In particular, 8, = —1. Notice that we do not need to consider
the points p,, for integer m explicitly.

Following convention, we suppress suffixes whose values are easily determined
from the context in order to keep the equations reasonably tidy. We shall make
use of integrals over segments of the boundary of the cell 22 as follows:

I, = f 8 — 1) K, ) AV A dl]V i1 pWomare
and (2.8)
I, = fn Ot — to) I(ry p, 1) AV dp dt|V gy s W11 -

These define mean specific intensities crossing the surfaces ¢ = t,,t = t,,,,

respectively. The notation &(x) is used for Dirac’s delta function. Similarly, we
need

I, = fﬂ 3(r — 1) wl(r, p, DAV du dt|Woy 1 0tmi12d 5100 5 (2.9

1 |
L= | 3 — ) I s ) AV dp dt]§(Aiyy — A) dosape,  (2.10)

together with the corresponding quantities 1,.,,7,.;. We also need the cell
average

I= [ I, p ) dV dp dt)V iy Wil @.11)



384 GRANT

2.2. The Difference Operator
Starting with (1.1) we write L[] in divergence form

1ol

1 ¢
UN =g g CrD + f 5o 10— w1 (2.12)

We introduce the operator /1, by defining
Al = | LAY dp dt]V o Wonsapll e 2.13)

In terms of our definitions (2.1)-(2.11) we find

Aialig — Aid; T .
-+ » 2.14
Vit VisaieWmarre ( )

s+1
AQ[I] CA3+1/2 + Hmt1/2

and with this notation, we may also write down the difference equivalent of (1.1),
namely,

Al = fg o(r, )[B(r, t) — I(r, u, )Y AV dp At/ Vi1 1sWini12 si1r2
= og[By — I, (2.15)

say, where o and B, are average values in Q.

In deriving (2.15) we have made no approximation which implies any particular
form for the dependence of I(r, u, f) on the independent variables. All that we have
done is to replace a volume integration over £2 by an integration over its surface
using Green’s theorem. However, if we wish to calculate the intensity field cell by
cell, we know not more than three of the six surface intensities, and Eq. (2.15)
then gives only one relation for determining the remaining unknowns. We have
to supply auxiliary equations in which we have assumed a specific functional form
for I(r, u, 1) on its arguments. The equations that we shall employ are

Xs+1/zls+1 + [1 - Xs+1/2] Is = Ys+1/2i,

Xm+1/21m+1 + [1 - m+1/2] I, = Ym+1/2Ia

and either _ (2.16)
Xovaredy + [1 — Xopapol Liya = Yl

when Mz < 0, or
Xz+1/211+1 + [1 e 1+1/2] I; = Yi+1/2j

when g1/ > 0. It would be possible to set up relations of greater generality, but
we conS1der that these are sufficient for our purposes. For each X and ¥ we shall
assume F < X < l,and |1 — Y| <ypy<], but we shall for the present impose
no other restrictions.
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2.3. Matrix Form of the Difference Equations

We have first of all to order the cells £2. For this purpose, we need only consider
a single time interval [f,, t,,,], so that it is unnecessary to be explicit about the
value of s in ordering. We shall see that we need an additional set of cells of zero
weight in order to set up the boundary condition along the direction p = —1.
For these cells we set m = —M — 1. We now order the symbols 2 = (i + },m + })
as follows:

(N + %9 -—M — %), (N—' %’ -M — %’)r--s (g, —M — %)’ HeM—1/2 = Moy = ‘-15
(N + %9 —M + %): (N - '123 —M + %’)3"" (%9 —M + %)
""" Bmize < 0,
(N + %s "_%)9 (N - %a _%)3---9 (%? —%)
2.17)
GG N+ 53
""" Bmirsa > 0.

(%’ M — %), (%s M — '%)a-'-’ (N+ %5 M — '%

We associate an index k& with each cell, where 1 <k < (2M + 1) N = K, and
define an “output” intensity vector,

Pmirrz < 0

1 PR A A |
uk T_S[s+1a t94m+l s
Lol Bmsasz > 0.

- ?[ls-#l > 1i+1 > Im 9i]

The superscript T will be used to denote transposition. A subscript (s + 1/2) can
be appended to u(k) in order to indicate the time interval involved.
With this notation, Eq. (2.15) and (2.16) can be combined in the form
Ak) u(k)gr1e = Ay(K) ulk)o_1/e + Ag(k) ik — 1)giq/2
+ Agk) utk — Dyare + q(k)siare

where the A,(k) are square 4 X 4 matrices, [g(k)]* = [0, 0, 0, B(k)], and
I=Nifm=#£0,1=2i—1if m = 0. The 4,(k) are defined as follows:

(2.18)

Xorrre ~Yian (1 — Xenr2) © - W
. X, ~Y. .. . Coe
Ak = i+1/2 i+1/2 , A (k) =
o ) ! Xmsre —Ymyase (%) ' ’
| a(k) bi(k) ci(k) 1 a(k) _
(2.20)
_ . , - 7
. -1 — Xi+1/2) . C ' :
AZ(k) - : ’ A3(k) k : ‘(1 - X;n%l/2) :
- b_(k) L c(k) i
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The X and Y coefficients have been defined above in Eq. (2.16),
a(k) = 1jcotk) 1125
b (k) = | pmsrse | Aifo(k) Visyig . b_(K) = | pnsria | Aiyaf (k) Vigrse

when m < 0, or (2.21)
bi(K) = | pmsrsa | Aisaf/o(k) Viovia s b_(k) = | pimsrsz | Afo(k) Vigyre

when m == 0; and

clk) = omi1/0(k) VieraWnirre, c(k) = anfolk) VisraWmerre »

in the general case. We note the relation b,(k) + c (k) = b_(k) + c_(k).
The restrictions on the X and Y coefficients ensure that Ay (k) is invertible, so
that (2.19) can be written in the form

—Cy(k) u(k = D gr1/0 = Colk) ulk = Dgryr2 + t(k)si1se = Colk) u(K)ger/2 + S(K)s11s2 »

(2.22)
where, for k = 1, 2,..., K,

—C.H-l r2(k) — Dyyq lz(k) ©o ]

Ci1/9(k) : '

'Cm+1/2(k) SRR ¢
1 ..

Cs+l/2(k)
Cisrya(k) — Dy a(K)
Cons172(k) S
l . .

[~ - Cor1/2(k)

to Cinalk)
. Cm+1/2(k)*Dm+1/2(k) I’
. 1 .

Cy(k) = By(k)

Colk) = Bylk)

Cy(k) = By(k)

with
By(k) = a(k) d(k)/X;11/2, Ba(k) = b(k) d(k)/Xis1s2 s Bylk) = 2(k) d(K)/ Xmsasa s
Cor1nk) = Yo/ Xorrrz» Conrgk) = YisasofXisie s Cons1e(k) = Yourrro/ Xmiase s
Dyaslk) = (1 — X,p12)/a(k) d(K), Disyink) = (1 — Xipa1g)/blk) d(k),
Dus1ysk) = (1 — Xmyag)/C(k) d(k),
b(k) = b.(k)1 = Xi11/9) + b(K) Xis1ra
ok) = c(F)1 ~ Xyiasg) + (k) Xmiare s
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and
d(k) = {1 + a(k) Cyy1/5(k) + bi(k) Ci1/o(k) + c4(k) Crpyja(k)} ™

It is convenient to incorporate flux incident on the boundaries into the source
vector S(k), and to write

[SE)F = d(k) B()[Cys11/2(k), Civasalk), Crnsarelk), 11 + [Sy(R)F.
The vector Sy(k) vanishes unless k = 1 mod N, and then we find
[Sb(k)]T = B2(k)[Cs+1/2(k), Ci+1/2(k) = Dyy1/0(k), Cm+1/2(k), 1] ub(k), k=1mod N

(2.24)
where
(k) = Iyiimiare s m<0

= bLmuse» m=0.

The value of [, .1/, depends on what we suppose happens in the region 0 < r < r,.
For example if r; = 0, a suitable condition is

Il,m+1/2 = Il.—m—l/z > m o= 05 19"'3 M-1,

When k < N(m = —M — 1), the first term in (2.22) disappears. This can be
easily established by applying a limiting process in which p,, — p,_; = —1 to the
basic equations (2.15) and (2.16). In addition to the relation Cy(k) = 0, we find
that

Copral) = 1, C+(k) = —b+(k) + b—-(k)’ m=-M-11<k<N.
(2.25)

This completes the specification of the difference equations to be solved.

The structure of our difference system becomes slightly more transparent if we
partition the discrete space on which our solutions are defined into subspaces
labeled by an index j = 1,...,2M + 1. We associate the vector u with the jth
subspace, where

[]F = [W(N; — N + DL,..., t(N)T]. (2.26)
Equations (2.22) may now be written in the form
Euyie = Fug_1/5 + Sesare (2.27)

where we partition u,,, ,, into vectors ul,,,,,j = 1,..., 2M + 1 as defined in (2.26).

581/2/4-4
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The matrices E and F are respectively lower triangular and diagonal, and may be
partitioned in a manner corresponding to the partition of u so that

F;; = diag[C}(N; — N + 1),..., C(NVy)], (2.28)
I

—Cy(N; — N +2) 1 ,

E;; = —GN - N+ 3,) ! , . (2.29)
—Cy(Ny) 1
"E; ;o = diag[—Cy(N; — N + 1),..., —Cy(N)],j # M + 2 2.30)
= [E; ok, D), j = M + 2, '
where

Epamualk, ) = —Co(N; — N + k) 8k, N — [ + 1) (2.31)

is the matrix entry in the kth row and /th column. All other blocks of E and F are
null. The special form of Eyy, 5 ar., arises from the reverse ordering of radial points
when u changes sign.

The form of these equations deserves comment. Because E is lower triangular
with nonnull diagonal elements, the solution of (2.27) is a trivial matter. All that is
necessary is to solve the equations recursively in order of increasing j; for this
reason, the procedure is known as the “Method of Directional Evaluation™ [3].
The cell ordering (2.17) was chosen in order to simplify this progression. In
practice it is only necessary to write Eq. (2.22) in the form

u(k)sare = Calk) u(k)s—ys2 + Colk) ulke — Dgiae

(2.32)
+ Cy(k) ulke — Dsprsa + SK)si1s2

to see that this can be done. However, the structure of Egs. (2.27) is more con-

venient for studying properties of the difference operator, and we shall make use

of this form in the next section.

One final remark: the method of directional evaluation can also be used for
scattering problems, in which case iterative techniques are needed [3],. Essentially
one adds an estimated scattering source to S,,;,, and solves the equations as
before. The new solution can now be used to improve S/, , and the iteration is
repeated until convergence is obtained. We shall not discuss this method further
in the present paper.
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3. MONOTONICITY AND STABILITY

In this section we study the properties of the solution of equations (2.22) or
(2.27). Such a solution should be an approximation to a genuine solution of the
original problem. We must therefore discuss the convergence of (2.27) and the
consistency and stability of our initial-boundary-value problem. In addition, a
genuine solution must, from physical arguments, be nonnegative, and so we shall
need to consider the conditions under which we can be assured that every element
of the discrete solution u,,,, is non-negative. We shall write u > 0 to denote that
all elements of the vector u are nonnegative. Similarly, we shall write 4 > 0 to
show that all elements a;; of the matrix 4 are nonnegative. Thus it is easy to see
from the definitions of (2.20) and (2.22) that, for alt k, Byk) >0, i = 1,2, 3;
Conpk) >0, Ciprpalk) >0, Cuuiapplk) > 05 Dyyypa(k) =0, Diyypelk) =0,
D,,.1,o(k) = 0. Hence, for all values of k, S(k) = 0.

For precision, we shall state our results as theorems.

THEOREM 1. Let E be the matrix of (2.27) and let v be a nonnegative vector.
Then the equation Eu = v possesses a unique solution which will be nonnegative if,
Jor all cells, Ciy1/9k) 2 Diyjo(k); Crusrsa(k) 2 Dinyape(k), k = 1, 2,..., K.

Proof. The simplest procedure is to exhibit the solution of Eu = ». We must,
in the notation of (2.22) and (2.32), to construct u, beginning with (1) = »(1), and
then

u(k) = Cylk) u(k — 1) -+ Cy(k) utk — 1) + v(k) @3.n

for k = 2, 3,..., K. Existence and uniqueness of solution follow immediately.
For nonnegativity we see that the conditions Ci (k) = Djqssk),
Cii1/alk) = Dpap(k) imply that Cy(k) = 0, Cy(k) = O for all k. Since, by
hypothesis, v == 0, we see that ¥ > 0 since it is constructed from a sum of non-
negative terms.

COROLLARY. A sufficient condition for E- = 0 is that Ci.q,5(k) = D 1(k),
Cria2(k) = Dpiasolk) for all cells, k = 1, 2,..., K.

This corollary is merely a restatement of the conclusions of Theorem 1. Notice
that the condition is only sufficient to ensure E-! > 0. Necessary conditions are
much harder to find.

From (2.27) and Theorem 1 we see that u,.,, is defined uniquely by

Ugyrye = EWFuy 0 + Soiae) = EWeiqp (3.2)

and that if the conditions of Theorem 1 are satisfied, wus., > 0 if
Usrre = Fu_i)5 + Sei1/o = 0. We have already seen that S,,;,, = 0, so that if
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u,_y ., = 0 it is sufficient that F > 0, although once again this is not a necessary
condition. This leads us to formulate the following.

THEOREM 2. Equations (2.27) have a unique solution u,.,,, . A sufficient con-
dition for this to be nonnegative is that Cy,y,;5(k) = Dyy:a(k), Currro(k) = Dy oK),
Cor1/0k) = Dyyyso(k) for all cells, k = 1, 2,..., K.

Next we must examine convergence to the solution of the continuous problem.
We shall show in Section 4 that our difference operator is consistent in the follo-
wing sense, namely that if M and p = 4r/(c4) be kept fixed, there exists a positive
constant K such that as ¢4 — 0,

[ Agll] — Lyll]l < K(c4), 3.3)
where L,,[]] is the discrete ordinate differential expression

1 ¢ 1%
Lyll] = |~ 5 + pmarie 52| 1(Fisase Hmi1/2 5 Lsr1/2)
c Ot or

2 [ﬁmd»ll(rﬂ-l/z s Bt s Eayrse) ~— Bml(rﬂ-l/z s Mem s )

Tit1/e Wnirre

+ marrd (T i+1/2f"m+1/2ta+112)] 3.4

If the angular mesh is now refined suitably, we can choose a constant XK', such that

asM - o
| Ladd] — LUY < K'I/M (3.5)

Now let G = E-'F. For a fixed step-length ¢4, and fixed p, it is clear that
[l si1/2 ]l remains bounded as S — o, (4) .S = T being kept fixed, if and only
if || G™ || is uniformly bounded for all » > 0, with respect to some suitable choice
of vector and matrix norms, that is to say if the approximation is stable. Since G is
lower triangular, we may use the following result [4].

THEOREM 3. Let G = G(cd, p) have eigenvalues y, , k = 1, 2,..., K. A necessary
and sufficient condition for G to be stable is that | y, | < y <1 for all k # k, and
lye,| <1+ O(c4) for some single value of k.

Thus we have only to examine the eigenvalues of G, which are easily written
down by inspection. Some eigenvalues are zero, and the remainder are given by

Vi = [BikNCorr/ok) — Dyanlk))), k = 1, 2,..., K. (3.6)

We are now in a position to apply our results to the sets of auxiliary equations in
common use. The nomenclature for auxiliary equations is due to Carlson (3].
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THEOREM 4. The Diamond Difference scheme defined by choosing auxiliary
equations (2.16) with coefficients

Yoiipe = Yiie = Ymup = 1, Xoi1p = Xipre = Xopi1re = % (3-7)

is unconditionally stable. Nonnegativity of the solution cannot be guaranteed for
finite mesh sizes.

Proof. From the definitions (2.22), we have

d(k) = l(k)/ll(k) + 2] (3.8)
where
{1 = alk) + b, (k) + cy(k) = a(k) + b(k) + c_(k) >0
Then
v = 4ak)dk) — 1 = A;—?%-)% — 1.

Since 0 << a(k) I(k) < 1 and I(k) > 0, we see that —1 << 9, <1, so that we have
unconditional stability.

To prove that the conditions of Theorems 1 and 2 must be violated, it is sufficient
to establish a contradiction. Suppose that the conditions all hold. Written out, we
see that they imply

a(k) = 1/4d(k), b(k) > 1/4dk), k) = 1/4d(k).
Hence

3 3(k) +2)

= a(k) + b(k) + ok) > 5 dk) ~ "~ 4lk)

l(k)

by (3.8), which implies I(k) << —2/3. Since I(k) is positive, at least one of the
inequalities of Theorem 2 must be violated, and nonnegativity cannot be guaran-
teed.

We shall see later that this imposes a practical restriction on the step lengths.

THEOREM 5. The Step Difference scheme defined by choosing Auxiliary equations
(2.16) with coefficients

Yorre = Yiaye = Yo = Xoap = Xiap = X2 = 1 (3.9
is unconditionally stable, and its soluttons can be guaranteed nonnegatwe

Proof. From the deﬁmtlons 2. 22), we have
- d(k) = IR/ + 1]
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with /(k) defined as above, so that

a(k) I(k) 1

ve = k) ) = T < T < |

demonstrating stability. Nonnegativity is an immediate consequence of the
observations that D, (k) = Dy 1k} = Dpiqs(k) = 0.

4, DISCRETIZATION ERROR.AND CONSISTENCY

We have already seen that the difference operator Ay[7] defined in (2.13) and
(2.14) gives an exact relation representing the net radiation balance for a cell and
it is straightforward to verify that the difference equations so defined are conser-
vative in a global sense. However, we have been forced to introduce auxiliary
equations to make the problem soluble, and these embody somewhat arbitrary
approximations to describe the functional form of I(r, ., t) within each cell. We
have now to examine the discretization error arising from these approximations.

We first examine what happens if we take the cell dimensions 4r = r;,; — r;,
4 =ty — t, sufficiently small, keeping a fixed angular mesh. Suppose we
associate the quantities I, I ,..., with specific points inside and on the boundary of
a cell so that

= I(ris1s2 > Bmsrse > Loirre)s

(4.1)
I = I(ts , pmsase > Lorae)s
Suppose that
toyire = %(ts+1 -+ ts)
and
rivie = Ouaparon + (1 — Oy 14, Pmirre < 0 (4.2)

= (1 — Os42/0) 741 + Oipypari s Hmirse > 0

If we expand I; ,..., about the point (r;.1/2 » fmi1/2 5 ter1/2) USing Taylor’s theorem,
and insert in (2.14), we find

Aigaa(tiza — 1)1 ; 7
Al = ) ¢ ot + F'm+1/2[ Viearn ] a7 I

+ A¢+1 3 lgm+1Im+1 Bm + F’m+1/21$ + 0[(04)2 (Ar)Z], (4 3)

z+1/2 m+1/2
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where
Aisre = Oiappdin + (1 — 0400) 4, Pmsae <0
4.4)
= (1 — Ois170) Airs + Oii104 s Mmsrse > 0.
In general,
Ai+1/2(ri+l - rz') =1 + O(Ar), (45)
Vit .
but the special choice
0. _1_*_1(511 y Lo = 1 (4.6)
i+1/2 — 2 6 g Mm+1/e ri+1 + rs .
ensures that
Apapo(Fog — 1) -1
Vi+1/2
exactly. Also,
G e L [1 4+ o nr), @.7)
Vit Tiv1/2

in general, with exact equality

Ai+1 - Ai 2

Vit Fisa/e

when we make the special choice (4.6) again. Thus, provided I has bounded first
derivatives, we obtain inequality (3.3) in a straightforward manner. Inequality (3.5)
follows by a similar argument in which we can make a choice

Omirss = [Bmsase — I3m+1]/ W o1 /0bma1s2 (4.8)

to reduce the order of the truncation error to O(W?) if desired.

In practice we want to use finite-size cells, and it is desirable to understand what
happens in this circumstance. It is helpful now to examine the analytic solution of
(1.1) by the method of characteristics. This requires us to solve

dljds = o[B — I] 4.9
along the ray-path defined by the equations

cdt dr dp 1 —p?

ds - 1 ) %_l‘l" ds - r (4.10)
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Let 7(s) be the optical path length, defined by
() = [ o(s") as’,
0

where for brevity we have written o(s”) for o(r(s"), t(s’)) which is a prescribed
function of its arguments. Then (4.9) has the solution

1) = I0) e + | 0 B(s") e~ di’, (4.11)

where 7 = 7(s), 7' = 7(s").
For brevity, write I, = I(xs), 0 < a < 1, I = I, for some fixed 6,0 < 6 < 1.
We also write in the same notation

B, = B[l + Bs(x — 6) + ()], 0 < o < 1,

where max| Bs(a — 9)] < 1, and similarly for o(s). Substituting in (4.11), we have

T = gGs + O(s?
and
I, = Ie™= + B(l — e) (o, 0), 4.12)
where
o 1
o, ) = 1+ Bs (o — 0 — 7) + Os?.

Now we find a relation between I, , I, = I, and I, by putting « = 8, 1 in turn in
(4.12) and eliminating B. We find
XIl + (1 -— X)Io = ﬁ, (4-13)
where
96,0 11—t
Y=0in 1=
(1, 0)
e (1, 0) + (1 — e=2) (8, 0)

In the particular case in which 8 — 0, we see that y(«, §) — 1, and

Y =

X=—w2=_, ¥Y=1 (B=0) (4.14)

Suppose we now apply (4.13) to a segment of a ray traversing a cell, and for
simplicity put 8 = 0. Then from (4.14), for small =

X)) =0+3001 —6) 7+ O(), 7L 1
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so that
L+ -, +0n=1+<L1. (4.15)

At the other extreme, 7> 1,
X)=1—e"% 4 0™
and so

L+0e™=1I1>1 (4.16)

More generally, if we retain terms of order s (small) we find from (4.12)

I, = B(1 — B/3) + O(s)
= 1dB
=B — —é:"—a? s -+ O(S), (417)

which we should expect to find as the limit for diffusion theory.

These results are suggestive for our choice of auxiliary equations (2.16). The
standard choices, the Diamond and Step models were discussed in the last section
and their properties are set out in Theorems 4 and 5. However, it is clear from our
discussion above, that the choices X;,1/p = 0;11/0, €tc., Yiqp = 1 with 8,/
defined by (4.6), will give a smaller truncation error in spherical geometry, parti-
cularly near the center of the sphere. But when the cell is optically thick, we can not
expect this choice to give a satisfactory answer. For, if in the proof of Theorem 4
we consider what happens for large o(k), we see that

d(k) ~ 1 + O[a(k)™]

and

4
N 3]

so that the solution can be expected to oscillate in sign. This will remain true when
X > } except if we choose the Step model weights. However, if we make this
choice, we increase the truncation error.

As a compromise, we may try using auxiliary equations of the type of (4.13)
with weights given by (4.14) for a suitable choice of 7. The lines joining opposite
faces of a cell are not, in general, characteristics. Nevertheless, such equations
will interpolate between the two limits appropriate to small and large optical
thickness, and it may be possible to do this in such a way that the solution will
remain smooth and improve on the step model. We examine this possibility in a
heuristic manner jn connection with the problem of the next section,
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5. A TIME-DEPENDENT TEST PROBLEM

To illustrate our work we have chosen a simple problem whose solution can be
written down immediately in closed form. This problem is the calculation of the
radiation field in a uniform sphere of radius R with a source function B(z) which
is independent of r. For the choice

B(t) = B,, t<0

—B. t>0, (5.1
the solution may be written
I(r,p, 1) = Byl — e%) tr <0
= By(1 — e™°¢) + By(e% — e~°%) 0 <t <s/c (5.2)
= Bl — e t = s/,
where
s = ru -+ [RE— r¥(1 — u?)~2 (5.3)

This provides a stringent test of the numerical method when B,> B,, and we
have chosen the values B, = 100, B, = 1. Length and time units are chosen so
that o = ¢ = 1.

We have computed numerical solutions with a variety of choices of mesh with
R = 4. The choice of angular mesh is not critical for the determination of the
mean intensity J(r, ) and net flux F(r, t), and most of our calculations were made
with the DP, Gaussian Set (see [3], Table III). Greater interest is attached to the
variation in the r and ¢ meshes and the effect of different choices of auxiliary
equation.

Our results bear out in general terms the theory of the preceeding sections. In a
series of runs with fixed r-mesh

r=20,1,2, 3,3.5,3.75,3.875, 3.9375, 4.0

chosen with small increments near the outer boundary so as to give good definition
in that part of the region in which the solution changes most rapidly, we took
successively a time step 4 = 35, 2.5, 1.25, .625, .3125. Negative intensities appear
in the solution at least once for all cases with the Diamond auxiliary equations.
Use of the interpolating auxiliary equations (4.13) and (4.14) with 7 = ¢4, § = },
for the z-direction, and = = 4r, with 8 given by (4.6) damped out the occurrence
of negative intensities, but did not remove them completely. Of course, negative
intensities cannot occur with the step auxiliary equations.
The emergent net flux, defined by

FR,t) = 27 ) Waiyatmerielnia,merss
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is a convenient quantity to show the oscillation in time of the numerical solutions.
The results for the Diamond scheme are displayed in Fig. 1, together with the
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FiG. 1. Net emergent flux from a sphere as a function of time. Solutions of the diamond
scheme are plotted for time steps 4 = 5, 1.25, and ,3125,
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analytic solution. Dashed lines have been used to connect computed values
plotted at the mid-points of time steps. Figure 2 shows the corresponding histo-
gram for the Step scheme. Here, we have plotted the numerical solution as a step
function. The slower convergence of this scheme as 4 decreases, arising from the
increased truncation error compared with the Diamond scheme, is obvious.
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(o] 5 10 IS 20

TIME

FiG. 2. Net emergent flux from a sphere as a function of time. Solutions of the step scheme
are plotted for time steps 4 = 5, 1.25, .3125.

Figure 3 shows that the interpolating auxiliary equations represent some compro-
mise between the Step and Diamond schemes, and provide a damping of the
oscillations without too much increase in the truncation error.

- The distribution of net flux at cell boundaries in the interior of the system
discloses other features of the problem. Figure 4 shows what happens to the
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Fic. 3. Net emergent flux from a sphere as a function of time. Solutions of the interpolating
scheme are shown for 4 = 1.25, 5. The solution for 4 = .3125 is virtually indistinguishable
from the analytic solution.

solution of the Diamond scheme for a time step 4 = 2.5. After one step there is
qualitative agreement with the analytic solution at ¢ = [.25. On the next time step
(2.5 to 5.0) we see an unphysical oscillation appearing, with a negative flux in the
outside meshes following the behavior shown in Fig. 1. The corresponding pro-
files for the step and interpolating schemes appear in Fig. 5. These are qualitatively
more reasonable, but because of the coarseness of zoning both radial and timewise,
the accuracy is not very high. The fact that the solution is as good as it is in these
circumstances is not unsatisfying. We have performed some other calculations, but
they add little more to our understanding of the problem, and we shall not discuss
them here.
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6. DISCUSSION

We have shown that all the schemes discussed converge, in the limit of small
mesh sizes, to the original differential equations. For finite mesh sizes, the usual
choices of auxiliary equations lead to stable difference schemes, but the operators
involved can not always be guaranteed monotone. When the solution is dominated
by an imposed source this may be of no consequence, but trouble can arise parti-
cularly for decaying radiation fields as in the example studied in the last section.
These troubles can be traced to cell dimensions which are too large in space, in
time, or in both. The step equations are alone in providing a monotone difference
operator, but have a larger truncation error than other schemes. The interpolating
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Fic. 4. Distribution of net flux with radius for the diamond scheme with time-step 4 = 6.5
averaged over steps.
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FiG. 5. Distribution of net flux with radius for the step and interpolating schemes with time
step 4 = 2.5 averaged over a step.

scheme has a smaller truncation error, but approaches the step scheme in its
ability to keep the solution nonnegative.

Experience suggests that this is at best a somewhat unsatisfactory way of dealing
with these problems. The reason is that the adopted equations are not based on a
coherent underlying theory. Subsequent work [2], so far only relating to the case
of a time-independent emitting, scattering, and absorbing slab, has suggested
that invariance arguments hold the key to a more satisfying solution of the difficult-
ies we have discussed. This is because the S, difference equations are conservative,
and so can be rewritten in a form consistent with well-known principles of in-
variance [5], that is to say, with conservation in a global sense. The matrix coeffic-
ients can then be interpreted as approximate operators for reflection and trans-
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mission by finite cells. Since we have a calculus for rapidly computing reflection
and transmission operators for multiple layers (6, 7], we can construct better
approximations for the operators for finite cells from the S, expressions for
thinner cells. Explicit methods of solving the transformed equations without
having recourse to iteration in scattering problems have been found to work
well in practice [2].
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